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NOMENCLATURE 
Eiymbol Defin ition 
A Area 
b Bottom width of flume at section where t is measured 
B Contraction ratio, or the ratio of b to the width of the flume 
where h is measured 
,.. 
\J 
C l 
C z 
F 
F 
m 
g 
h 
L 
L 
P 
L 
s 
Coeffic ient in free flow equa tion 
Coefficient in numerator of submerged flow equation 
Coefficient in denominator of submerged flow equation 
Force 
Maxim.um Froude number 
Acceleration due to gravity 
Upstream depth of flow measured from the elevation of the 
crest of structure 
Design head 
Minimum depth of flow in flume throat 
Total energy head at upstream section measured from the 
crest of the structure 
Total width of the roadway (pavement plus two shoulders) 
Pavement width of embankment 
Shoulder width of embankment 
Exponent in the free flow equation and numerator of the 
s ubme r ged flow equat ion 
Exponent in the denominator of the submerged flow equation 
NOMENCLA TURE (Continued) 
Sym bol Defin ition 
P He ight of we ir or embankment 
P + E Height of ogee spillway 
q Discharge per foot of length of weir 
Q Total flow rate, or dis char ge 
S Submergence, which is the ratio of a downstream depth to an 
upstream depth with both depths referenced to a common 
elevation 
S 
e 
S 
p 
S 
s 
t 
v 
y 
yz 
TT 1 
TT Z 
TT3 
Embankment slope 
Pavement c r 0 s s slope 
Shoulde r slope 
Transition submergence 
Downstream depth of flow measured from the crest of the structure 
Average velocity 
Average velocity at section 1 
Average velocity at section Z 
Flow depth 
Flow depth at section 1 
Flow depth at section Z 
Flow depth at crown line 
Momentum correction coeffic ient 
liz Maximum Froude number occurring' in the flume, V I (gh ) 
m 
Submergence, tlh 
Energy loss parameter, (h - t)/h 
m 
NOMENCLA TURE (Continued) 
Symbol Definition 
'Y Specific weight of fluid 
A Embankment slope 
p Dens ity of fluid 
INTRODUCTION 
Submerged flow exists for any given structure when a change in flow 
depth downstream from the structure causes a change in flow depth upstream 
from the structure for any given constant value of discharge. The two flow 
depths, normally measured when submerged flow exists, consist of a depth 
upstream from the structure, which is used also for free flow conditions, 
and a depth of flow located any place downstream from the structure. 
The initial studies in which the submerged flow analysis was developed 
were made on flat-bottomed flumes (Hyatt, 1965; and Skogerboe, Walker, 
and Robinson, 1965). Later studies verified the method of analysis for 
Parshall flumes (Skogerboe, Hyatt, England, and Johnson, 1965; and Hyatt, 
Skogerboe, and Eggleston, 1966), as well as for highway embankments 
(Skogerboe, Hyatt, and Austin, 1966). Because of previous findings, it 
was felt this method of analyzing submerged flow could be applied to various 
types and kinds of weirs. 
Original development of the parameters and relationships which 
describe submerged flow carne from a combination of dimensional analysis 
and empiricism. Further verification of the parameters developed in this 
manner are obtained by employing momentum relationships. Both approaches 
to the submerged flow problem are discussed in this report. 
Considerable effort and study has been expended on free and submerged 
flow weirs by other authors in previous years. For this reason the authors 
of this report went to the literature as a source of data. 
Various studies typifying a particular type of weir structure were 
investigated and the data selected from these studies were subjected to 
the submerged flow analysis developed by the authors. The data from 
these studies provide further verification of validity of the approach to the 
submerged flow problem made by the authors. 
Acknowledgment is given and appreciation expressed to those authors 
whose studies provided the data used in the analysis presented in this 
report. 
Although no investigation was made of a contracted weir, the authors 
feel that the submerged flow analysis as explained in this report would be 
just as valid for th is type of structure. 
DEFINITION OF FLOW REGIMES 
The two most significant flow regimes or flow conditions are free 
flow and submerged flow. The distinguishing difference between the two 
is that critical depth occurs, u,sually near the crest of the weir, for the 
2 
free flow condition. This critical-flow control requires only the 
measurement of a depth upstream from the point of critical depth for 
determination of the free flow discharge. When the downstream or tailwater 
depth is raised sufficiently, the flow depths at every point through the 
structure become greater than critical depth, and submerged flow conditions 
exist. In the submerged flow regime a change in the tailwater depth also 
affects the upstream depth and a rating for the weir requires that two flow 
3 
depths be ITleasured, one upstreaITl and one downstreaITl froITl the structure. 
The flow condition at which the regiITle changes froITl free flow to 
subITlerged flow is a trans ition state that is unstable and difficult to produce 
in the laboratory. The value of subITlergence at which this condition occurs 
is often referred at as the transition subITlergence, sYITlbolized by St' This 
change froITl supercritical flow to subcritical flow (transition subITlergence) 
signifies that the Froude nUITlber is equal to 1 at a single flow cross-section, 
and for every other cross -section the Froude nUITlber is less than 1. At the 
transition froITl free flow to subITlerged flow, the discharge equations for the 
two flow conditions should be equal. Consequently, if the discharge equations 
are known, the transition subITlergence can be obtained by setting the free 
and subITlerged flow equations equal to one another. 
THEORETICAL ASPECTS OF SUBMERGED FLOW 
Application of ITlOITlentUITl theory can result in the developITlent of 
subITlerged flow discharge equations for weirs, fluITles, or other structures. 
Such equations are beneficial and instructive for cOITlpar ison with the 
eITlpirical equations developed froITl diITlensional analysis. An eITlbankITlent~ 
shaped weir will be selected to illustrate the application of ITlOITlentUITl theory. 
A control voluITle of fluid will be used which is bounded by the vertical 
sections at 1 and 2, the water surface, and the surface of the eITlbankITlent, 
as shown in Fig. 1. 
A solution for the horizontal cOITlponent of the forITl resistance force, 
F due to the eITlbankITlent will be developed. A generalized diagraITl of the 
e 
x 
force of the eITlbankITlent acting on the fluid is shown in Fig. 2. 
4 
Fig. 1. Control voluITle for analysis of eITlbankITlent-shaped weir. 
Fig. 2. Definition sketch for force acting 
on the fluid due to eITlbankITlent. 
F (lb/ft) = 
= 
F (lb/ft) 
x 
= 
= 
[I'Y + I'\Y +:) -I'Y J 
-yP (y + f) 
sin A. 
-yP P (y + 2) 
sin A. 
-yP 
P 
(y + "2) 
sin A. 
P 
sin A. 
The force of the embankment on the fluid will be designated as F fo'r the 
u 
I 
2 
upstream slope and F d for the downstream slope. The assumption is r..n.ade 
that the pressures acting on both the upstream and downstream slopes of 
the embankment are hydrostatic. Assuming the pressure on the upstream 
slope is due to the water surface elevation at section 1, and the pressure on 
the downstream slope is due to the water surface elevation at section 2, the 
horizontal components of Fu and Fd can be developed from similarity with 
the equation for F (Eq. 2l.. 
x 
F u = -y P (h + P /2) 
x 
Fd = -y P (t +P/2) 
x 
Fe = -y P (h + P /2) - -y P (t + P /2) 
x 
= -y P (h - t) 
The forces acting on the control volume at sections 1 and 2 (Fig. 1) 
can be determ ined by as sum ing hydrostatic pre s sure d istr ibutions. 
2 
F 1 = -y (h -I- P) /2 
F2 = -y (t + p)2/2 
3 
4 
5 
6 
7 
5 
6 
If friction losses are neglected (F
f 
= 0), the summation of forces in the 
horizontal direction can be evaluated. 
~F =F-F-F 
x 1 2 e 8 
x 
2 2 ~ F x = 'Y (h + P) /2 - 'Y (t + P) /2 - 'Y P (h - t) 
2 2 
= 'Y (h - t ) /2 9 
Assuming uniform velocity distributions at sections 1 and 2, the 
following momentum. equation can be wr itten. 
~ F = qp (V - VI) 
x 2 10 
The summation of horizontal forces is given by Eiq. 9. 
11 
Assuming steady flow, the continuity equation, q = Vy, can be employed. 
'q = VI (h + P) = V 2 (t + P) 12 
The continuity equation can be substituted into Eq. 11. 
, 2 2 )/,(h - t ) 'Y 
=q-2 g 13 
q = (g/2)1/2 J (h + t) (t +P) (h +P) 14 
Manipulation of Eq. 14 yields 
q = 
(g/2)1/2 (h _ t)3/2 
15 
(1 + 8) (8 + P/h) (1 + P/h) 
where 8 is the submergence, t/h. 
Application of momentum theory to a flume with a similar development 
will produce an equation almost identical to Eq. 15. The resulting equation is 
Q = 
(g/Z)l/Z b (h _ t)3/Z 
Z (1 - BS) (1 - S) 
S (1 + S) 
where b is the width of the flume at the section where t is measured, and 
7 
16 
B is the constriction ratio defined by the ratio of b to the width at the section 
where h is measured. 
Although the assumptions made in the development of the theoretical 
submerged flow equations are not entirely valid, the equations do contain 
certain characteristics which are similar to and which supplement the 
submerged flow equation developed from a dimensional analysis approach 
to submerged flow. 
One additional concept for discussion is the theoretical equation 
which could be developed for a contracted weir. This equation would be 
a combination of Eq. 15 and Eq. 16. The discharge would be a function 
of B, P, h, and t, but for a particular weir the values of Band P would 
become constant leaving the discharge as a function of only hand t. 
DIMENSIONAL ANALYSIS APPROACH TO SUBMERGED FLOW 
Dimensional analysis was first applied to a trapezoidal flume (Hyatt, 
1965) to develop the dimensionless parameters which describe submerged 
flow. For any particular flume geometry, the variables involved can be 
wr itten as follows: 
v = f (g, h, h ,t) 
m 
17 
With five independent quantities and two dimensions, three pi-terms are 
necessary. The parameters or Tr terms which were found to describe 
submerged flow were: 
1. The maximum Froude number occurring in the flume 
(which corresponds with the point of minimum depth 
of flow, h , in the flume throat) as expressed by 
m 
Tr1 
v 
= F = ------
m ( h )1/2 g m 
18 
2. The second Tr term is submergence, defined at the rati.o 
of the ta ilwater depth to the upstream depth of flow, and 
is expressed by 
Tr = S = t/ h 2 19 
3. An energy loss parameter defined as the difference 
between the upstream depth and tailwater depth divided 
by the minimum depth of flow in the flume throat is the 
th ir d Tr te rm and is written 
Tr 3 = (h - t) / h m . 20 
Plotting of the three parameters provides a unique relationship for any 
particular flume geometry. Most significant of the plots made is the 
8 
plot of TT 2' t/h, as the ordinate, and 'IT , (h - t)/h ,as the abscissa (Fig. 3). 
3 m 
The curve must pass through the point 0,0, for as the submergence approaches 
100 percent (log S = 0), the difference in water surface elevation, h - t,will 
approach zero. The relationship which exists between 'IT 2 and 'IT 3 can be 
approximated by a straight li.ne as shown in Fig. 3 over a large range of 
submergence values with some sacrifice in the accuracy of the submerged 
flow calibration plot. When the equation resulting from the straight line 
approximation is manipulated with the other equations relating the dimension-
less parameters, a submerged flow discharge equation results which is 
-O.06ri ----------------------------------------------------------~ 
...c 
......... 
-+--
CJ') 
o 
-0.04 
-0.02," 
O.OO~-________ ~ ______ ~ ________ L_ ______ ~ ________ ~ ______ _J ________ ~ 
QOO 0.05 0.10 0.15 
(h-t)/h m 
Fig. 3. Relationship between 1T 2 and 1T 3' 
....0 
10 
dependent upon only the upstream and downstream flow depths. The general 
form of the submerged flow equation can be expressed as 
n l 
C l (h - t) Q = --------------------
where hand t are flow depths measured upstream and downstream from 
the point of minimum flow depth, C
l 
and C 2 are coefficients which depend 
upon the geometry of the structure, and n
l 
and n
2 
are exponents which are 
also related to the structure geometry. 
Equation characteristics 
The real value in developing a submerged flow equation from the 
theoretical viewpoint as well as employing dimensional analysis and 
eITlpiricism is the verification of the equation format each gives the other. 
Evaluation of Eq. 16 reveals that for any particular flume geometry both 
Band b are constants as is P for any particular weir in Eq. 15. Conse-
21 
quently, the discharge in the theoretical submerged flow equations (Eqs. 15 
3/2 
and 16) becomes a function of (h - t) and the submergence, S. Therefore, 
the theoretical equations are similar in format to the empirical equation 
derived from dimensional analysis (Eq. 21) where the discharge is a function 
n 
1 
of (h - t) and the submergence, S. 
Attention is called to the coefficient C z in Eq. 21. This coefficient 
is the intercept on the ordinate resulting from the straight line approximation 
of the plot drawn in Fig. 3. Although the coefficient C 2 actually varies as 
shown by the curvature of the plot in Fig. 3, the variation is of major 
importance in only the 96 to 99.9 percent submergence range. The value 
of C z approaches zero as the submergence approaches 100 percent. 
Because C z varies so greatly in this higher submergence range and since 
submergence values in this range are not practical, the authors will not 
write submerged flow equations utilizing a constant value of C z which 
cover these higher submergence values in the following sections. 
11 
As is shown in the section on embankment-shaped weirs, the eITlpirically 
developed submerged flow equation for an embankment-shaped weir differs 
from Eq. 21 in that the C z coefficient is absent. Explanation for this is 
found in exam ination of the flow cond itions. The flow over embankment-
shaped weirs is usually considered as two-dimensional and given in terms 
of discharge, q, per foot of length whereas the flow in flumes is a three-
dimensional flow condition~ It would thus appear that the absence or 
presence of a C z coefficient would indicate the absence or presence of side 
effects exerted by a structure on the flow regime. Cornman reasoning would 
indicate that flow over an embankment of great length (such as the example 
presented in the embankment section) is a two-dimensional flow condition 
and that side effects would be nonexistent. In flumes and suppressed 
weirs of short lengths, the sides do exert an effect on the flow and the 
presence of a C z coefficient in the submerged flow equations for these 
structures verifies this effect. 
The real value provided by approaching the submerged flow problen-l 
with d imens ional analys is and the application of momentum theory is the 
12 
fact that both approaches reveal only the upstreaITl depth of flow, h, and 
the downstreaITl depth of flow, t, are all that is required for the deterITlination 
of the discharge. 
Applica tion pr inc iple s 
The calibration curves which depict the relationships given by 
Eqs. 15, l6~ and 21 are obtained by plotting three-diITlensionally the 
discharge, Q, as the ordinate, difference between upstreaITl and down-
streaITl depths of flow, h - t, as the abscissa, and subITlergence, t/h, 
as the varying paraITleter. A faITlily of lines of constant subITlergence result 
froITl this plotting as illustrated by Figs. 5, 7, and 10. Hence, ITleasurement 
of the upstrearrl and downstream depths of flow provides the necessary 
information for obtaining the discharge for any particular structure. Once 
these depths of flow are measured for a structure, the discharge for a 
given flow co~dition may be obtained froITl calibration curves for that 
structure by the intersection of the h - t value and the t/h value. 
The free flow equation for flow measuring fluITles can be expressed 
by 
n 
Q = ChI 22 
A noteworthy factor discovered froITl the flume studies (Skogerboe, Hyatt, 
England, and Johnson, 1965; and Skogerboe~ Hyatt, Johnson, and England, 
1965) is the fact that the exponent on the h - t terITl in the submerged flow 
equation (Eq. 21) is identical to the exponent on the h terITl in the free flow 
equation (Eq. 22) for any given fluITle. Hence, the value of submergence 
at which the transition from free flow to submerged flow occurs can be 
estimated by equating the free flow equation and the approximate sub-
merged flow equation, Eqs. 21 and 22, for a particular structure. 
13 
The form of Eq. 21, which describes submerged flow through flumes, 
is then found to be valid as the equation form which describes submerged 
flow over various types of weir structures. Those types of weirs 
discussed in the following sections are (1) embankment-shaped weirs, 
(2) suppressed-sharpcrested weirs, (3) suppressed-ogee crest weirs, 
and (4) the triangular -shaped weir of Crump. Since no data on contracted 
weirs were readily accessible to the authors the submerged flow analysis 
was not applied to this type of weir structure. However, the authors feel 
the analysis would be just as valid for the contracted weir as it is shown 
to be for suppressed weir structures. 
EMBANKMENT -SHAPED WEIRS 
Kindsvater (1964) placed considerable effort into a study to evaluate 
the discharge characteristics of flows over highway embankments. A 
highway embankment is a form of broad-crested weir when overtopped by 
flood vvaters. The submerged flow data collected by Kindsvater (1964) 
has been previously analyzed by the authors, Skogerboe, Hyatt, and 
Austin (1966), The results of this application are reiterated in this 
section as additional illustration of the submerged flow method of analysis 
as expla ined in the pr evious sec tion. 
The basic embankment design used in the study conducted by 
14 
Kindsvater is illustrated in Fig. 4. The basic model was constructed at 
a 1:9 scale. Corresponding to the 1:9 construction scale, the unit-discharge, 
q, in the model is 1/27 of the discharge for the prototype embankment. In 
the original model, the intersections of the shoulder, embankment, and 
pavement surfaces were sharp and precise, Subsequent use and polishing 
rounded these intersections, but the results of Kindsvater (1964) indicated 
no significant effects due to the rounding. 
The principal variables used to describe flow over an embankment 
are illustrated by Fig. 4. The laboratory facilities were such that the 
discharge and degree of submergence could be controlled. The upstream 
flow depth, h, was measured at a distance of approximately ISZcfeet 2, inches 
upstream from the crown line, while the downstream depth, t, was 
measured at a distance of 81 feet downstream from the crown line. 
Throughout the study, scale -model tests were made on 1 7 var iations of 
the basic embankment design. These tests were made by varying the 
hydraulic parameters illustrated in Fig. 4 as well as testing various 
roughness elements. 
A plot of the free flow data for the bas ic model ern bankment de sign 
resulted in the following free flow equation, 
q=3.19hl.S3 
The data generated by Kindsvater (1964) for the bas ic embankment 
design were plotted three-dimensionally with the discharge per foot of 
embankment length, q, as the ordinate, the difference in upstream and 
downstream flow depths, h - t, as the abscissa, and the submergence, 
23 
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Fig. 4. Principal parameters describing flow over an embankment. (Prototype dimensions) 
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16 
t/ h, as the varying parameter (F ig. 5). Es sentiall y, Fig. 5 is the graph ical 
presentation of the submerged flow equation (Eq. 21). 
Lines of constant submergence which best fit the data are drawn 
with a slope corresponding to the exponent of h in the free flow equation 
for the basic embankment model. For example, the constant submergence 
lines of 89.0, 93.7, 95.4, 96.4, 97.5, and 98.5 percent have been drawn 
in Fig. 5. The slope of these lines of constant submergence is 1.53, 
which corresponds with the exponent of h in the free flow equation (Eq. 23). 
The submerged flow equation which fits the plotted data of Fig. 5 IS 
2.41 (h _ t)1.53 
q = 
, " 1.20 
(-log t/h) 
The bas ic eITlbankment model data have been converted to prototype 
data from which an equation was developed and then plotted in Fig. 6 as 
submerged flow calibration curves for the prototype structure. Thus, 
Fig. 6 becomes the field rating curves for a highway embankment similar 
in form to the basic model structure studied by Kindsvater (1964). 
As previously discussed, the value of submergence at which the 
transition from free flow to submerged flow occurs can be estimated by 
equating the free flow and submerged flow equations. To illustrate the 
solution for the transition submergence, S , the free flow and submerged 
t 
flow discharge equations for the basic embankment model will be equated. 
2.41(h_t)1.53 =3.19h 1 . 53 . 
/ 
1.20 (-log t h) 
0.755 (1 _ t/h)l. 53 = (-log t/h)l. 20 
24 
25 
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18 
A solution is obtained by trial and error. 
tlh = S = 0.849 = 84.9% 
t 
Kindsvater (1964) states that the value of the transition submergence 
19 
determined from his study is about 84 percent. The transition submergence 
given by Kindsvater is based on the downstream flow depth, t, divided by 
the total upstream head, HI (upstream flow depth plus velocity head), 
whereas the value cited by the authors (85%) is based on the ratio of the 
downstream flow depth divided by the upstream flow depth, (t/h). The 
transition submergence will naturally be greater when computed from the 
ratio, tlh, as compared with the ratio, t/H 1. 
The cons tant submergence line of 85 percent drawn on Fig. 6 is the 
transition submergence line dividing the free and submerged flow conditions, 
Hence, Fig. 6 can be used for either free or submerged flow conditions. 
To obtain a free flow discharge, enter the curve from below with the 
measured value of h and move vertically upward until the trans ition 
submergence line (85%) or free flow line is intersected and then move 
horizontally to the left to obtain the discharge, q. The submerged 
discharge is obtained by moving vertically downward with the (h - t) 
value until the line of constant submergence (t/h) is intersected, then 
move horizontally to the left to obtain the submerged flow discharge. 
Utilizing the data from Kindsvater IS (1964) study the other 17 
modifications of the basic embankment model were analyzed by :5 kogerboe, 
Hyatt, and Austin (1966) in a similar manner. All modifications gave 
comparable results to those described in this section as to verifying the 
validity of the method of analyzing submergence presented by the authors. 
SUPPRESSED WEIRS 
Sharpcre sted 
Several sharpcrested weirs of varying height were investigated by 
Cox (1928). The weirs ranged in height from 1.14 to 5.93 feet high. Cox 
also included in his report data collected on other sharpcrested weirs by 
20 
Bazin (1888), Fteley and Stearns (1883), and Francis (1871). The sub-
merged flow data reported by Cox on the studies conducted by Bazin (1888), 
Fteleyand Stearns (1883), and Francis (1871) were analyzed utilizing the 
previously discussed concepts of submerged flow and found to be valid 
although the results of the analysis are not included in this report. For 
this report and purposes of illustration only the data on the sharpcrested 
weirs of height 2.00 and 5.93 feet collected by Cox (1928) are subjected 
to the submerged flow analysis. 
All sharpcrested weirs used in COX,I s study were constructed to 
conform to standard methods at that time with the weir blades cut at a 
45 degree angle and a 1/16 inch thickness at the weir crest. 
The 2.00 foot high weir was tested in a channel 87 feet long, 1096 
feet wide, and 4.5 feet deep. The discharge for the 2.00 foot high weir 
was measured by an 8" x 4" Venturi Meter. 
The 5.93 foot high weir was tested in a different channel which was 
66.5 feet long, 2 feet wide and 8.5 feet deep. The discharge for the 5.93 
foot high weir was measured by means of a standard rectangular weir with 
a notch 2 feet long. 
Cox (1928) investigated the relationship between the weir height and 
the location for measurement of the tailwater depth. He concluded that 
21 
the tailwater depth should be measured at a distance downstream from the 
weir of 2.54 times the weir height. In his studies on the sharpcrested 
weirs the tailwater depth was measured at this point. The upstream depth 
of flow was measured at a distance of 6.0 feet upstream from the weir. 
Both the upstream and tailwater depths were measured with point gages. 
The submergence was varied during the study by adjusting a vertical lift 
gate placed downstream from the we ir. 
A plot of the free flow data of the two weirs resulted in the following 
equations: 
for the sharpcrested weir 2.00 feet high, 
Q=6.85h1 . 55 
and for the sharpcrested weir 5.93 feet high, 
Q=6.86h l . 52 . 
Figs. 7 and 8 result from plotting three-dimensionally the 
submerged flow data generated from COX,I s study (1928). The lines of 
constant submergence were drawn to best fit the data at the same slope 
26 
27 
as that which results from the free flow plot, 1.55 in Fig. 7 for the 2.00 
foot high weir, and 1.52 in Fig. 8 for the 5.93 foot high weir. Also shown 
are lines of constant submergence ranging in value from approximately 
0.0 to 99.9 percent submergence with a few values that are negative 
or less than zero. 
Cox (1928) states the negative submergence values result from the 
22 
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Fig. 7. Plot of submerged flow data for 2.00 foot high sharpcrested weir. 
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Fig. 8. Plot of submerged flow data for 5.93 foot high sharpcrested weir. 
nappe ove r the we ir plunging below the surface. Cox found that the flow 
condition was changed~ depending on which of the two nappe condition 
existed. At the lower values of subIT1ergence it was possible for the nappe 
to plunge below the surface and reIT1a in there for a considerable distance 
froIT1 the weir before it caIT1e to the surface. At the point the nappe jet 
reached the water surface the surface veloc ity IT10ved both upstreaIT1 
towards the weir and downstreaIT1 towards the outlet. The other nappe 
condition occurred as the tailwater level rose to the point where the 
nappe no longer plunged below the surface but reIT1a ined on the surface 
with the velocity directed downstreaITl. Both nappe conditions affected 
the discharge in a different IT1anner, but there existed a considerable 
overlap for each flow condition whether the nappe plunged below or on the 
surface. Cox recoIT1IT1ended that the subIT1erged sharpcrested weir be 
operated with the nappe reIT1aining on the surface. 
CruIT1p (1952) found the saIT1e condition (the nappe plunging under the 
surface at low subIT1ergences and negative subIT1ergence values) when he 
analyzed the subIT1erged flow data of Francis (1871) and Fteley and Stearns 
(1883) for the sharpcrested weir. The explanation offered by CruIT1p for 
this condition is that the transition subIT1ergence is reached well before 
the tailwater depth rises to the crest level. Before the transition point 
is reached, however, the nappe is discharging into free air and the air 
pocket is IT1aintained at atIT10spheric pressure froIT1 the vents in the side 
walls. Located below the air· pocket is a IT1ass of turbulent water. Then 
as the tailwater depth rises the air pocket is replaced by water at less 
24 
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than atmospheric pressure increasing the curyature and velocities of the 
nappe at the control section. This actually carries a greater flow through 
the control section for the same given upstream depth. This condition 
exists until the degree of submergence rises, which increases the pressure 
on the under s ide of the nappe to the point where the a ir pocket is 
completely filled with water and drowns out the effect. 
The authors can only speculate as to the effect the nappe (either 
plunging below the surface or rema ining on the surface) has on var ions flow 
conditions without making additional studies themselves. Current plans 
involve investigation later this year to give further study and answer 
questions on concepts dealing with submerged weirs. Based on the data 
thus far studied, the authors feel explanation offered by Crump (1952) is 
correct except for the fact that the flow regime still passes through 
critical depth, though the value and location of the depth probably changes, 
until the transition submergence is reached somewhere between the sub-
mergence value of 30.0 and 60.0 percent. 
Because of the difficulties encountered in analyzing submerged 
flow conditions at the lower submergence values, a submerged flow 
equation was not written to include submergence values from 0 to 50 
percent. Neither was an equation written to include submergence values 
from 96 to 99.9 percent because of the changing coefficient, C 2 , in this 
range. The lines of constant submergence drawn in Figs. 7 and 8 can 
be described by the following equations for a range of submergence 
between 50 and 96 percent: 
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for the sharpcrested weir 2.00 feet high, 
Q = - (log t/h + 0.0015) 
4.83(h_t)1.55 
28 
and for the sharpcrested weir 5.93 feet high, 
Q = - (log t/h + 0.0015) 
4.66 (h _ t)l. 52 
29 
Noted in Eqs. 28 and 29 is the presence of the coeffient, C 2 , with a 
value of 0.0015 which shows that the sides of the suppressed weirs exert 
an effect on the flow c and itions. 
Although Eqs. 28 and 29 are limited because they describe only 
the submerged flow regime from 50 to 96 percent submergence they 
merit value because of the form they take. Both equations are of the 
equation form previously described (Eq. 21). 
OGEE CREST WEIRS 
2 to 1 vertical face 
Cox (1928) conducted an investigation on submerged flow over three 
agee weirs with a 2 to 1 upstream face which had heights, P, of 1.24, 
2.13, and 6.11 feet. Although the submerged flow analysis of the authors was 
applied to the data collected by Cox for all three weirs only the weir with 
a height of 2.13 feet is discussed in this report. However, the data from 
all three of the 2 to 1 upstream faced agee weirs when analyzed portray 
the validity of the submerged flow analysis. 
Fig. 9 shows a plan view of the typical 2 to 1 upstream faced agee 
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Fig. 9. Plan view of a 2 to 1 upstream faced agee crest weir. 
weir study by Cox (1928). The pofnt Cox selected for measurement of 
the downstream depth was 2.29 times the weir height, P, and the upstream 
depth was measured at a distance of 6 feet upstream from the face of the 
darn (Fig. 9). 
The 2.13 foot high weir was tested in the same channel as the 2.00 
foot high sharpcrested weir and in a similar manner with the discharge 
measured by a 8" x 4" Venturi Meter, flow depths measured with a point 
gage, and the submergence varied by adjusting a vertical lift gate placed 
downstream. 
The free flow equation which described the 2.13 foot high 2 to 1 
vertical faced agee crest weir is 
28 
Q=7.28h 1 . 55 30 
The submerged flow data collected by Cox (1928) for the 2.13 foot 
high weir were plotted as shown in Fig. 10. Further noted in Fig. 10 are 
the lines of constant submergence which range in value from approximately 
0.0 to 99.9 percent submergence. The explanation for this is dealt: with 
in the section on sharpcrested weirs. 
The submerged flow equation which describes the data plotted in 
Fig. 10 for the weir 2.13 feet high is 
4.35(h_t)1.55 Q=--_---:. __ ..:-_-----
/ 
1. 21 
- (log t h + 0.0015)] 
31 
Eq. 31 is written to cover only submergence values from 50 to 96 
percent as was previously explained. The power on the h - t term in 
Eq. 31 is the same as that on the h term in Eq. 30 and is the slope of the 
lines of constant submergence in Fig. 10. 
The constant C
Z
' which equals O. 0015 in Eq. 31, indicates the side 
effects on the discharge. Eq. 31 is similar in format to the basic 
submerged flow equation (Eq. 21) and further shows the validity of 
submerged flow analysis presented by the authors. 
Cox (1928) states that an agee weir that has been silted up will 
operate as though no silting had occurred as long as the nappe flows 
under, but when the nappe flows on the surface the weir will operate 
differently. Hence, Cox recommends that the agee weirs be operated 
with the nappe flowing under. 
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Fig. 10. Plot of submerged flow data for 2.13 foot high 2 to 1 upstream 
faced agee crest weir. 
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Vertical upstream face 
Suppressed ogee weirs with a vertical upstream face were another 
type of weir investigated by Cox (1928) in his study. These weir;s,haQ'h,eights 
of 1.24, 2.13, and 6.11 feet. Fig. 11 shows the shape of weir studied and 
the location of the points where measurements were taken. 
h 
6' 2.45 P 
Fig. 11. Plan view of vertical upstream faced ogee crest weir. 
Analysis of Cox' s submerged flow data indicates some discrepancies 
and questions in the data of the vertical faced weirs. Plotting the free flow 
data for the 1.24,2.13, and 6.11 foot high weirs results in the same free 
flow equation for all three weir heights, wh ich does not appear logical to 
the authors. The free flow equation which results for these three weirs is 
Q=7.25h1 . 58 . 32 
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When the subrnerged flow data is plotted as previously described 
(Fig. 12), the slope of the lines of constant subrnergence for anyone of the 
three weirs is not consistent or uniforrn. For exarnple, the data of the 
vertical upstrearn faced weir 6.11 feet high with a crest width of 2.03 
feet is plotted in Fig. 12. The slope of the lines of constant subrnergence 
which best fit the data through the subITlergence range of 0.0 to 80.0 
percent is 1.58. Thereafter the slope of the constant subrnergence lines 
decreases as the value of subrnergence increases until at 96 percent 
subrnergence the slope has a value of about 1.36. This sarne trend exists 
for the subrnerged flow plots of the 1.24 and 2.13 feet high weirs. 
Koloseus (1951) investigated an agee crest spillway which was alrnost 
identical to the structure studied by Cox (1928). In the agee crest spill-
say section the data of Koloseus plots in a rnanner consistent with that 
proposed by the authors for a subrnerged flow plot. Hence, the only 
explanation offered by the authors for the changing slope in the s ubrner ged 
flow plot of Cox's data (Fig. 12) is that Borne of the data are in error. 
The authors have included Fig. 12 in this report because it shows 
that a trend exists sirnilar to that proposed by the authors and verifies 
to a certain extent that the subrnerged flow analysis presented in this 
report is val id for another weir shape. 
Due to the plotting of the data for vertical upstream faced weirs 
(Fig. 12), no atternpt was rnade to write a subrnerged flow equation 
describing these weirs. The lines of constant subrnergence in Fig. 12 
show only the trend of the data. 
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Fig. 12. Plot of submerged flow data for vertical upstream faced ogee crest weir 6.11 feet high. 
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Further mention is also made of the recommendation given by Cox 
(1928) that better operation occurs when ogee weirs are used with the nappe 
plunging below the surface. 
Ogee crest spillways 
Koloseus (1951) conducted model studies on several sn'1.all diversion 
daITls or ogee crest spillways to obtain the design critera for these 
structures. The submerged spillways had an ogee section which conforITled 
to the profile of the lower nappe from a ventilated sharp crested weir, 
The upstrearn face of the crest was vertical. Typical of the spillwa.ys 
studied by- Koloseus is that shown in Fig. 13. 
P 
Q -
Fig. 13. Plan view of typical agee crest spillway studied by Koloseus. 
The spillways studied had heights of 0.5, 1.0, 1.5, and 2.0 feet 
with hdl (P + E) ratios varying from 114 to 1. The testing was conducted 
34 
in a glass-walled flume 18 feet long, 2 feet wide, and 3 feet high. The 
spillway ITlodels were placed 6.3 feet downstream from the flume entrance. 
Measurement of the flow depths, h_and'_t, and the water surface profile was 
ITlade with a traversing point gage. The value used for the flow depths 
was taken as the average of three ITleasurements taken downstream froITl 
the fluITle entrance, at distances of 1, 2, and 3 feet for the upstream 
depth of flow, and at 14, 15, and 16 feet for the downstreaITl depth of 
flow. MeasureITlents of the discharge were ITlade by the use of a 5 inch 
orifice for the lower discharges and a 10 1/2 inch orifice for the higher 
discharges. 
The data froITl two of the ITlodel spillways were s~lected froITl the 
thesis of Koloseus (1951) to illustrate the subITlerged flow analysis. One 
spillway had a height, P + E, of 1.0 foot with a hd l (P + E) ratio of 1 12 
and the other spillway had a height of 1.5 feet with a hd l (P + E) ratio of 
1 14. 
A plot of the free flow data of the two spillways analyzed resulted 
in the following equations: 
for hd/{P + E) = 112, 
q=4.69h l . 69 
and for h d I (P + E) = 1 I 4, 
q = 4.79 h 1 . 66 
The data generated by Koloseus (1951) for the two foreITlentioned 
spillways were plotted three diITlensionally with Q as the ordinate, h-t as 
the abscissa, and t/h as the varying parameter (Figs. 14 and 15). In 
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Figs. 14 and 15 the lines of constant subm.ergence were drawn to best fit 
the data. The slQpe of these lines of constant subm.ergence is the sam.e as 
that which resulted from. the plot of the free flow data, 1.69 in Fi.g. 14 
for the hd/(P + E) ratio of 112 and 1. 66 in Fig. 15 for hd/(P + E) ratio of 
114. The dashed lines of constant subm.ergence drawn in Fig. 15 are so 
drawn because of the scarcity of the data provided by Koloseus for that 
particular spillway. The slope of these lines of constant subITlergence 
is that indicated by the free flow plot. However, the data does not fit 
this slope as well as desired, probably due to SOITle error in the data. 
Figs. 14 and 15 show that the lines of constant subITlergence range 
from approxirnately 0.0 to 99.9 percent subITlergence {previously explained 
in the sharpc.rested \l\leir section}. However, study of Koloseus I data 
(1951) by the authors indicated that the upstream. depth of flow for any 
given discharge did not change until the downstream. depth reached 50 to 
60 percent of the upstream depth (transition subm.ergence). This occurred 
even though Koloseus took the submergence ratio as zero when the down-
stream. depth was at the spillway crest level. 
The subm.erged flow equation written to fit the lines of constant 
submergence from. 50 to 95 percent in Fig. 14 for the hd/(P + E) ratio 
of 1 I Z is 
3. 44 (h ~ t) 1 . 69 
q = ------~----~----~-------
/ ] 1.20 -(log t h + 0.0025) 
35 
Mention is m.ade that the coefficient C Z' 0.0025, appears in Eq. 35. No 
equation was written for the data in Fig. 15 because of the scarcity of data. 
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The U. S. Bureau of ReclaITlation (1948) conducted model studies 
of submerged flow over overfall dams which were very similar in structure 
to those studied by Koloseus (1951). Although not included in this report, 
the data collected in the Boulder Canyon project (U. S. Bureau of 
ReclaITlation, 1948) was subjected to the subITlerged flow analysis presented 
by the authors and found to be valid. The Bureau of Reclamation's study 
was limited in the range of discharge eITlp10yed but the data did indicate 
that the subITlerged flow analysis reported herein was applicable. 
TRIANGULAR- SHAPED WEIR OF CRUMP 
The data collected by Crump (1952) for a subITlerged weir of 
triangular profile was also subjected to analysis. As shown by Fig. 16, 
the weir-block had an upstrealYl face sloped at 2 to 1 and a downstreaITl 
face sloped at 5 to I-producing a crest-angle of 142 degrees 7 ITlinutes-
both of wh ich were truncated to give two vertical faces. The we ir - block 
had a length of 14 inches and a crest height above the steel flume floor 
of 3.063 inches. Measurement of the upstreaITl and downstreaITl depths 
of flow, at the points shown in Fig. 16, were made using manOITleters 
and the discharge was obtained froITl a standard V -notch weir placed up-
stream from the ITlodel. The discharge was kept constant for each run 
and the tai1water varied by a gate at the downstream end of the 22 inch 
wide rectangular fluITle. 
The equation which describes the free flow condition over the model 
studied by Crump is 
Q = 8. 33"~' 75 36 
18" 
Q----...... ---
// 
ITlanoITleter 
tap for h 
24" 
4" tap for t 
Fig. 16. Plan view of the test ITlodel triangular-shaped weir of Crump. 
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The subITlerged flow data which resulted froITl this study were plotted 
three diITlensionally as shown by Fig. 17. The slope of the lines of constant 
subITlergence which best fit the data is 1.75, the same slope given by Eq. 36. 
Though the slope of 1.75 was selected for use in this analysis, some 
flexibility exists. The data from Crump (1952) furnished only four free 
flow discharge values and hence only four points on the free flow plot. A 
slope of 1.75 fits these points very well but the slope could eas ily be 
varied by .±. 0.02. 
Fig. 17 shows several lines of constant submergence drawn at a 
slope of 1.75 which range in value from 75.0 to 97.7 percent. The 
submerged flow discharge equation written to describe these lines over 
this range is 
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Q = 
5. 71 (h _ t) 1 . 7 5 
[ _ (log t/h)] 1.36 
37 
Utilizing Eq. 37, the calibration curves for this particular triangular-
shaped weir are drawn as shown by Fig. 18. 
Further understanding can be gained from Fig. 18 by equating 
Eqs. 36 and 37 for the solution of the transition submergence, St' The 
transition submergence solves to be 77 percent and is drawn on Fig. 18 
as the dividing point between free and submerged flow conditions. 
Justification for the trans ition submergence obtained by the authors may 
be rnade by quoting from Crump (1952): 11 It is seen that the model has a 
high modular limit (transition submergence) of 70 percent, and that with 
a submergence ratio of 80 percent the departure from modularity is 
less than 1 percent. 11 
Fig. 18 can be used as the calibration curve for either free flow 
or submerged flow conditions. The free flow discharge is obtained by 
entering from below with the measured value of h and moving vertically 
upward until the 77 percent submergence line or free flow line is 
intersected and then moving horizontally to the left to obtain the dis-
charge, Q. The submerged flow discharge is obtained by moving 
vertically downward with the measured h - t value until the line of 
constant submergence t/h is intersected and then moving horizontally 
to the left. 
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Fig. 18. Submerged flow and free flow calibration curves for 
triangular shaped weir of Crump. 
0.4 
SUMMARY 
The parameters which describe submerged flow in measuring 
flumes are developed by theoretical momentum relationships and 
supplemented with dimensional analysis. These submerged flow 
parameters and method of analysis are shown to be valid for many 
types of weir structures, such as sharpcrested, agee, embankrnent-
shaped, and triangular. The data for analysis was taken from selected 
submerged flow studies found in the literature. The plots and exaITlples 
found in the report are illustrative of the compatability and validity of 
the s ubme r ged flow anal y8 is deve loped by the author 8. 
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